We present a theoretical analysis of optical pathways for formation of cold ground state (NaCa) + molecular ions via an intermediate state. The formation schemes are based on ab initio potential energy curves and transition dipole moments calculated using effective-core-potential methods of quantum chemistry. In the proposed approach, starting from a mixture of cold trapped Ca + ions immersed into an ultracold gas of Na atoms, (NaCa) + molecular ions are photoassociated in the excited E 1 Σ + electronic state and allowed to spontaneously decay either to the ground electronic state or an intermediate state from which the population is transferred to the ground state via an additional optical excitation. By analyzing all possible pathways, we find that the efficiency of a two-photon scheme, via either B 1 Σ + or C 1 Σ + potential, is sufficient to produce significant quantities of ground state (NaCa) + molecular ions. A single-step process results in lower formation rates that would require either a high density sample or a very intense photoassociation laser to be viable.
I. INTRODUCTION
At present, there exists a strong interest in the scientific community in techniques that reliably produce large samples of ultracold molecules of different species. Since direct laser cooling of molecules is impractical due to their internal rotational and vibrational (ro-vibrational) degrees of freedom, a number of different approaches that allow production of ultracold samples of selected dimers have been developed [1, 2] . Recent advances in trapping and laser-cooling ions to ultracold temperatures [3] [4] [5] [6] [7] [8] [9] allow experimenting with hybrid systems composed of overlapping trapped cold atomic gases with ultracold ions [10] . Such systems offer opportunities for new developments in the field of ultracold quantum matter, with a benefit of simpler and more reliable trapping than it is available for neutral molecules.
For example, hybrid atom-ion systems have been proposed as emulators of periodic condensed matter systems with a band structure [11] , a possible implementation of an atom-atom Josephson junction [12] , and as platforms for studying charge mobility in an ultracold gas [13] . Ions immersed in a Bose-Einstein condensate were proposed as a medium for exploring the physics of mesoscopic particles [14] , polarons [15] , and electronphonon coupling [16, 17] . Hybrid atom-ions systems are also discussed as possible implementations of quantum gates [18, 19] . In addition, trapped samples of cold molecular ions allow investigations of collisional dynamics and chemistry at temperatures of the order of millikelvin or below, where the long-range nature of atom-ion interaction is responsible for qualitative differences from neutral molecules [20] [21] [22] [23] . These studies are also a key to identifying efficient and versatile ways to produce samples of * Electronic address: marko.gacesa@nasa.gov ground state molecular ions, required for majority of proposed applications, for species where sympathetic cooling with ultracold atoms is not applicable or sufficiently effective [8, 24, 25] .
Reactive processes of particular interest are radiative association (RA) from the continuum and radiative charge-exchange (RCX). These processes are often in competition with each other and commonly analyzed together. The RA has been observed for Rb+Ca + [26, 27] and Rb+Ba + [28] , and both processes have been investigated for several molecular ion species, including H+(D + ,T + ) and D+T + [29] , Rb+Na + [30, 31] [36, 37] . The experiments and theoretical studies with emphasis on radiative chargeexchange in atom-ion systems have been conducted for Na+Na + [20, 38] , Na+Ca + [39, 40] [44] , and others [34, 45] . See Ref. [10] for a more extensive review.
In this article, we present a theoretically study of production of ultracold sample of NaCa + molecular ions by photoassociation (PA) in a mixture of ultracold Na atoms immersed in trapped laser-cooled Ca + ions. We investigate an optical scheme ( Fig. 1) where NaCa + molecular ions are photoassociated in an excited electronic state and allowed to spontaneously decay into the ground state in one or more steps, followed by a series of ro-vibrational transitions until settling in the lowest vibrational level. By analyzing all relevant optical transitions and allowing for a second optical excitation to an intermediate excited state to increase the efficiency of the processs, we found an optimal set of pathways that could lead to efficient production of ultracold NaCa + ions. Our approach is motivated by the fact that the PA is a highly successful and state-selective method of production of cold diatomic molecules from ultracold atomic gases [1, [46] [47] [48] native to RA or RCX in molecular ions with favorable electronic structure [35] . Our choice of the system was motivated by ongoing experiments [40] , existing theoretical results [39] , and the fact that similar electronic configuration of the outer shell is shared by other molecular ion species currently of interest [34] .
The article is organized as follows. In Section II we give a brief overview of the theoretical methods used in this study to calculate the photoassociation rates and spontaneous emission rates to lower electronic states. The details of ab initio calculations of the electronic structure are given and calculated electronic potentials and dipole moments are presented. In Section III we present main results of this study, including dipole transition matrix elements for relevant pairs of electronic states involved in the optical production pathways, photoassociation and relaxation rates, and a description of vibrational relaxation in the ground state. The conclusions are given in Section IV.
II. THEORETICAL METHODS

A. Electronic structure calculation
The potential energy curves and transition dipole moments for the ground and low-lying excited electronic states of singlet symmetry were calculated using the equation-of-motion coupled cluster singles and doubles method (EOM-CCSD) [49, 50] , as implemented in MOL-PRO program package [51] . Inner shell electrons were replaced by an effective core potential (ECP), while corevalence effects were included using a core polarization potential [52, 53] . Extended basis sets described in detail in Refs. [54] and [55] were used to describe the two valence electrons. Specifically, the exponents of Gaussian functions (set B) with uncontracted orbitals) from Ref. [54] were used for Na atomic basis, while a contracted and optimized [53] basis set for Ca, augmented by three sets of f polarization functions and a single g function [55] was used for atomic Ca. With these approximations, our approach is equivalent to performing a full valence configuration interaction (CI) calculation. A similar approach proved highly accurate in our study of Ca + 2 [56] . We note that the inclusion of ECP and CPP is critical for obtaining correct asymptote ordering. The potentials were interpolated using a cubic spline.
Calculated adiabatic potential energy curves are given in Figs. 2 ζ+diffuse+polarization basis set, 6-311+G(3df) [39] . The calculated ab-initio points are given in Tables I and II. The long-range (R > 30 Bohr) part of the interaction potentials was constructed using the polarizabilities and dispersion coefficients calculated by Kaur et al. [57] , and connected smoothly to the ab initio points. Specifically, for the A 1 Σ + state, where the dispersion coefficients are known, the long-range form used was
with C 4 = 81.2, C 6 = 901, C 8 = 60720, and C 10 = 5.4729 × 10 6 (from Ref. [57] , in atomic units). For the ground state and other excited states for which the dispersion coefficients are not well known, the long-range was described using
where the static dipole polarizability α d = 160.771 a.u. for neutral Ca [58] and α d = 162.4 a.u. for neutral Na [57] , respectively. All asymptotic forms of the excited states were adjusted to match the atomic energies in the separate atom limit given in Ref. [59] .
Transition dipole moments for selected Σ−Σ and Σ−Π transitions are given in Figs. 4 and 5, and permanent dipole moments for the two lowest electronic states in Fig. 6 .
B. Photoassociation
The single-photon photoassociation (PA) rate at temperature T can be expressed as [46, 60, 61] 
where ε = 2 k 2 /(2µ), µ is the reduced mass and v rel is the relative velocity of the interacting particles, and S b is the scattering matrix element for photoassociating a molecular ion in the final bound ro-vibrational state |b = | , v of the target electronic state. Averaging over relative velocities is implied by the . . . . The PA laser field is represented by its intensity I, and the detuning from the target bound state ∆ = E b − ω, where E b is the energy of the target state.
At ultracold conditions the relative energy of interacting particles is such that their dynamics can be described well by the s-wave ( = 0) scattering, or, in case of longrange nature of atom-ion interaction, the first few partial waves. By assuming a Maxwellian velocity distribution of a mixed-species ultracold gas, Eq. (3) can be written as an integral over collision energies [60] 
where
is the translational partition function and k B is the Boltzmann constant. For an isolated resonance, the scattering S matrix can be approximated as [60] 
Here, γ = γ p + γ s (I, ε, ) is the total width (in units of energy) of the bound state, where γ p / is the spontaneous decay rate of the bound state resonance and γ s (I, ε, )/ is its stimulated emission rate. We assume that all other decay processes, such as molecular predissociation, are either negligible or not present. For low laser intensities, the stimulated emission width to the bound state |b can be expressed using Fermi's golden rule as
where the initial continuum state |ε, is energynormalized and d(R) is the transition dipole moment. The scattering matrix element S b follows a general Lorenzian form that can be replaced by a delta function in the limit of small γ, which is satisfied for low laser intensities when γ p + γ s ≈ γ p . Consequently, for γ s /γ p 1 and γ p /(2ε) 1, we obtain
The Eq. (4) then takes a simple form
where we assume the detuning ∆ = k B T /2, that yields maximal PA rate [61] . In an unpolarized sample 25% of collisions between Na and Ca + happen along the singlet electronic state, analyzed in this study, while 75% take place along the triplet potential curve. The rates presented in this study assume a spin-polarized sample and should be multiplied by an appropriate statistical weight if this is not the case.
C. Spontaneous radiative decay
Spontaneous emission or radiative decay processes can be described in terms of Einstein A coefficients weighted by Hönl-London factors. As illustrated in Fig. 1 , we are interested in the transition probabilities corresponding to spontaneous decay of the ro-vibrational level
, in case of two-photon excitation. Since the rotational states have much smaller energy splittings than the vibrational states and their main impact is on selection rules, we will restrict our analysis to rotational levels J E = 0, J A = 1, J B,C = 0, 1, 2 and J X = 0, and discuss them where appropriate. The Einstein A coefficients are given by
and
Here, all other allowed transitions, including rovibrational transitions within the electronic states, spontaneous emission from E 1 Σ + → D 1 Σ + , and transitions from 1 Σ into 1 Π states, have smaller probabilities and can be neglected. The individual contributions A v Y (Y) correspond to the sum of allowed R, Q, and P -branch [62] transitions into the electronic state Y , where each branch α = R, Q, P includes both bound-bound and boundcontinuum transitions:
Here, the transitions A 
We also define the state-to-state branching ratio for the spontaneous radiative emission involving the initial and
III. RESULTS
A. Dipole transition matrix elements
To determine the optimal pathways for production of molecular ions in lower-energy electronic states, we calculated dipole transition matrix elements and Einstein A coefficients between bound vibrational levels for all pairs of electronic states energetically below E 1 Σ + asymptote and allowed by symmetry. The matrix elements, given in Eqs. (12) and (13), were evaluated numerically by diagonalizing the radial Schrödinger equation using mapped Fourier grid method (MFGR) [63] to simultaneously obtain bound and quasi-discretized continuum spectrum. The MFGR calculation was performed with no couplings between different potential curves, and assuming a variable grid step size determined on the total box size (R max = 5 × 10 4 a 0 ) and mapping potential determined from the local momentum, while the accuracy of the wave functions in the highly oscillatory short-range region was ensured by small scaling factor β, resulting in at least 20 points per a single oscillation of the wave function. The continuum wave functions were found to be in excellent agreement with a calculation performed using renormalized Numerov method [64] for continuum energies larger than about 500 nK, below which Fourier grid method requires a larger box size.
The Einstein A coefficients sufficiently large to be relevant for the analysis of the possible transitions pathways are shown in Fig. 7 . Specifically, these include the transitions involving the
, and the dipole transitions relevant for 2-photon exitation scheme
The calculated coefficients play a key role in selection of electronic states and analyzing possible single-or two-photon optical pathways for formation of ground state molecular ions (see Fig.  1 ). For example, from the Fig. 7(top left) it is evident that the molecular ions produced in the last few bound ro-vibrational levels of the E 1 Σ + state, such as b max = (J = 0, v = 43), strongly favor a dipole transition into the highest (near dissociation) vibrational levels of the A 1 Σ + electronic state, with a very small fraction of population being able to transition directly into the ground X 1 Σ + state. The features present as three "lines" in the transitions involving C 1 Σ + potential are caused by tunneling through the shallow potential well in the short-range region (see Fig. 2 ).
B. Single photon excitation
Photoassociation and spontaneous relaxation
A possible approach to formation of the molecular ions in the ground electronic state, analyzed in this study, involves a single photon photoassociation (PA) of the NaCa + molecular ions in the excited E 1 Σ + state from a pair of Na( 2 S) atoms and Ca + ( 2 S) ions colliding at ultralow energy via the A 1 Σ + PEC, followed by a spontaneous relaxation into the X 1 Σ + (see Fig. 1 ). The choice of the initial state is motivated by ongoing experiments [40] , the fact that a magneto-optical trap (MOT) of Na atoms is readily available, and the analysis of dipole transitions given in the previous section.
The initial scattering wave function, required to compute the stimulated emission width and photoassociation rate (Eqs. (4 & 6)), was calculated using renormalized Numerov method [64] Fig. 8 as a function of the final vibrational level for J = 0. Here, we assumed a Maxwell-Boltzmann distribution of atom-ion collision energies at the average gas temperature of T = 3.16 µK, the PA laser intensity of 1 kW/cm 2 at the optimal wavelengths (detuned by ∆ v = k B T /2 from the resonant transition frequency for the vibrational state v), and the reduced mass µ( 23 Na 40 Ca) = 26612.439053459 amu. At the considered experimental conditions, the dominant decay process for the excited electronic states of molecular ions will spontaneous radiative decay to lower states and the continuum. The calculated radiative de- 
cay rates for the E 1 Σ + state, of interest in our study, are given in Fig. 9 . The spontaneous decay to the continuum for the lower-energy electronic states was included as converged sums over the quasi-discretized continuum (all discretized continuum states that contribute more than 0.01 % to the total sum were included; typically the sums included between 300 and 800 states).
Formation rates in E
The fact that the long-range part of atom-ion interaction potentials is dominated by the R −4 term, implies that the PA will favor the most extended bound states to a greater extent than in case of ultracold neutral atoms. This is consistent with our results (Fig.  8) 
+ state in high-density trapped samples. Here, the stimulated emission induced by the PA laser is neglected.
The calculated Einstein A coefficients (Fig. 7 ) and dipole transition spontaneous emission rates (Fig. 9) indicate that majority of the molecular ions photoassociated in b max state of E 1 Σ + will spontaneously decay into high vibrational levels of the A 1 Σ + state and form loosely bound molecular ions (Fig. 10, top) , while a small fraction will be lost to the continuum. The branching ratios b (Fig. 10, middle) , indicate that significant 
C. Two-photon excitation via an intermediate state
In the previous section, we have shown that the ground state formation rates are limited by the fact that high ro-vibrational levels of the E 1 Σ + state, accessible to PA, will almost exclusively decay to high ro-vibrational levels near the dissociation limit of the A 1 Σ + state (11). These, spatially very extended, states have very long lifetimes with respect to vibrational and rotational transitions, and take minutes to spontaneously decay into the ground electronic state, resulting in very small production rates.
The proposed formation scheme could be improved by introducing another excitation step, where the second laser would be used to transfer the population from the A 1 Σ + to an intermediate state which has more favorable Franck-Condon factors with the electronic ground state (Fig. 1) . The entire process can be considered in two separate steps: i) the PA of molecular ions in the E 1 Σ + state, followed by their spontaneous decay to the A 1 Σ + state; and ii) the stimulated bound-bound transition A 1 Σ + → B 1 Σ + , followed by the spontaneous decay into the ground state.
The optimal intermediate state can be selected based on dipole transition matrix elements (Fig. 7) . We performed the analysis for two possible intermediate electronic states: B 1 Σ + and C 1 Σ + . These states have favorable dipole transition matrix elements for the transition to the X 1 Σ + state, while remaining accessible from the highly excited ro-vibrational levels of A 1 Σ + state. To estimate the efficiency of the second excitation- relaxation step we calculated Rabi frequencies Ω AB and Ω AC for the transitions in the two-level system approximation [65] 
where Y = {B, C}, I 2 is the intensity of a monochromatic cw laser tuned to the transition frequency (no detuning), and c is the speed of light in vacuum, e is the electron charge, and ε 0 is the vacuum permittivity. Fig. 12 shows the Rabi frequencies for the initial ro-vibrational states (v A , J A ) = (50, 0), (51, 0), (52, 0), predicted to be significantly populated after the first excitation-relaxation step. The intensity of the second laser was taken to be I 2 = 1000 W/cm 2 . The spontaneous radiative decay rates, calculated from Eqs. (9-11) and given in the Fig.  12 (inset) , indicate that the spontaneous emission from either intermediate state to the ground electronic state will be two or more orders of magnitude faster than the decay back into A 1 Σ + state. Therefore, the losses of the molecular ions due to the decay to different ro-vibrational levels or the continuum will be small and are ignored in the rest of the analysis.
The branching ratios b Once a molecular ion is formed in an excited vibrational level v X , it will decay in a cascade of spontaneous emission steps into lower vibrational levels until it reaches v X = 0. The radiative cascade will ultimately produce a distribution of rotational states determined by the selection rule ∆J = ±1 imposed on the transitions. To determine the relaxation time, we calculated lifetimes of the vibrational levels v X as sums of all possible decay path- ways (Fig. 14) . Since the lifetimes of the lowest vibrational levels, on the order of 1-10 seconds, are much larger than the lifetimes of the intermediate vibrational levels, below v X < 90, populated in suggested two-photon formation pathways, the total cascade time τ cascade can be estimated as a sum of the lifetimes of the final three transitions, resulting in τ cascade ≈ 26 seconds.
A better estimate can be made by analyzing most probable decay pathways. We took the levels v X = 55, 81, 82 and v X = 18 − 20 to be representative of the decays from C 1 Σ + and B 1 Σ + states, respectively (see Fig. 13 ). Vibrational radiative cascades originating from these levels are illustrated in Fig. 15 1 Σ + state, will be up to about one second faster.
IV. SUMMARY AND CONCLUSIONS
In this study, we have theoretically analyzed possible pathways for optical production of cold molecular ions in the ground electronic state from an atomic gas of ultracold Na interacting with a cold cloud of Ca + ions. To this end, we have calculated ab initio electronic potential energy curves of (NaCa) + molecular ion for the ground and lowest eleven excited states of singlet symmetry, transition dipole moments between selected pairs of electronic states, and permanent dipole moments of the molecular ion in the two lowest-energy electronic states. The structure calculations were performed at a higher level of theory than reported in previous studies.
The computed electronic structure data, namely potentials and dipole moments, were used to analyze possible formation pathways involving single-and two-photon optical excitations. The analyzed formation schemes rely on photoassociation of the molecular ions in the E 1 Σ + state as the first step, but differ in the approach to acheive population transfer to the ground electronic state. For the experimental conditions feasible in current experiments, we predict that hundreds or thousands molecular ions per second could be photoassociated in the near-dissociation, loosely bound, vibrational levels in E 1 Σ + state, that would decay spontaneously into highly excited vibrational levels of the A 1 Σ + state, while a small fraction (less than 1%) would decay directly into the ground electronic state. The PA properties are largely affected by the fact that the density of vibrational states near the dissociation threshold are governed by the longrange electronic potential, proportional to 1/R 4 in the first order, resulting in very extended nature of such states when compared to the neutral dimers.
Consequently, the optimal approach would require a second excitation step to transfer the population to a spatially compact , which would allow a greater flexibility in the choice of vibrational transitions and experimental implementation. The proposed two-step process would yield molecular ions in excited vibrational levels of the ground state and would require approximately 40 seconds to decay into the lowest vibrational level. Such holding times should be possible to achieve in presently available experimental setups.
Alternatively, for a single-photon PA approach, we find that the molecular ions formed in low vibrational levels of the E 1 Σ + , such as v E = 6, can efficiently decay (up to 35% of the population) directly into the X 1 Σ + state, allowing for an efficient single-excitation production scheme. An implementation of such a setup would require higher PA laser intensities or higher densities of cold Ca + ions than assumed in our analysis. Alternatively, an enhanced PA scheme could be employed [66] . Our production rates are several orders of magnitude higher than the radiative association rate, theoretically predicted to be 2.3 × 10 −16 cm 3 s −1 for Na and Ca + interacting on the A 1 Σ + potential [39] . Note that this rate would be further revised down if our transition dipole moment were used. The low value is consistent with measured radiative association rate reported in a hot sample [40] , although a direct comparison is not possible due to different entrance channels and the absence of spin-polarization in the experiment. Radiative association rates of the order of 10 −14 cm 3 s −1 to 10 −16 cm 3 s
−1
were predicted for other mixtures of cold atoms and ions (e.g. [34] ), making the proposed PA mechanism worth considering in suitable atom-ion mixtures. Finally, we note that triplet states were not included in the study since there is no experimental evidence for strong singlettriplet coupling of the considered electronic states [40] . While the main goal of this study was to investigate the PA, as an all-optical approach to formation of ultracold (NaCa) + molecular ions, as well as to provide higher quality electronic structure data to aid future experiments, the results obtained suggest that a similar approach could be extended to other mixtures composed of an alkali metal atom and an alkaline earth ion with qualitatively similar electronic structure. In fact, the electronic configuration of the excited states of (NaCa) + molecular ion does not make the short-range region readily accessible at low collision energies due to the presence of extended potential barriers in 1 Σ states, with an exception of B 1 Σ + state, which, however, does not have a significant transition dipole moment with the A 1 Σ + state. This is not the case in all heteronuclear mixtures where the conclusions of this study would be applicable, possibly resulting in larger transition rates in the shortrange region and higher overall efficiency.
A possible extension of this study would require addition of the triplet Σ and Π electronic states and spin-orbit couplings in the analysis. The spin-orbit coupling could affect the transition rates in near-threshold ro-vibrational levels, resulting in changes of optimal formation pathways. Such analysis would ideally be done in conjunction with high-precision spectroscopy experiments. In addition, it would be interesting to analyze feasibility of the proposed approach in atom-ion mixtures at higher temperatures, where higher partial waves would contribute to the dynamics.
